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 Electrostatics
* Magnetostatics
* Induction

« EM waves

... taken from previous years’ Prelims questions
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1 Electrostatics

1.1. State Coulomb’s Law for the force between two charges, (); and (5. Hence show
how the electric field E at a point r may be defined. What is meant by the statement
that E 1s a conservative field? 4]

State Coulomb’s Law. Show how E field may be defined.
What 1s meant by E 1s a conservative field?

r
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Electric field due to single charge QO : force per unit charge
1 Q A
E =

> I (T points from Q to point of observation )
4TTE, T

Conservative field: VxXE=0 and I E-dl is
path-independent. Therefore, a potential can be
defined E=—-VV )




1.2. A thundercloud and the ground below can be modelled as a charge of +40 As at a
height of 10 km and a charge of —40 As at a height of 6 km above an infinite conducting
plane. A person with an electrometer stands immediately below the thundercloud. What
value of electric field do they measure, and what is its direction? 5]

A thundercloud with charges +40As at 10 km height and
—40As at 6 km. Find the E-field on the ground.

Use method of 1image charges. Mirror the above to below

the surface, with +40 As at depth 6 km and —40 As at

depth 10 km.
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Field points upwards. ;



1.3. An array of localised charges ¢; experience potentials V; as a result of their mutual
interaction. Show that their mutual electrostatic energy, U, is given by U = EZ q; Vi.
25 G
An array of localised charges q; experience potentials V; as
a result of their mutual interaction. Show that their mutual

electrostatic energy, U, 1s given by [J = Zq,

Potential energy of r

a single charge gin U = — [F-dl :—q-jE-dl =q-V(r)
potential V' 0 e o
Potential V;duetoall J = 2 9 .1 / Aoq
other charges: = 4re, ‘l} —l‘j‘ TTEn

For total PE, sum over all 2 z 9.4,
charges. However, each 2

charge appears twice:

U:%Zi%Vi *



Alternative: Assemble Charge Configuration explicitally
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No penalty for charge q %
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Half the links compared with:
0 Thus, as before:
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1.4. A sphere of radius a is located at a large distance from its surroundings which
define the zero of potential. It carries a total charge ¢. Determine the potential of its
surface and the electrostatic energy of its charges in two separate situations:

(a) with the charge spread uniformly on its surface, -+ q 4]

(b) with the charge distributed uniformly within its volume. [10]
A sphere of radius a 1s located at a large distance from its
surroundings which define the zero of potential. It carries

a total charge g. Determine the potential on 1ts surface and
the electrostatic energy : a) uniform q spread on surface.

—_ J' E.-dr = _4 Need to compute: j Vdg
’ 47, r

For shell:

_ 49 ¢ ¢d¢ _ _¢°
V—4ﬂgoa and U = [ V(q')dq = [ imega  Bmega
(alternatively use: U =1 [pVd’r or U = il space B d*r )

For part a), replace p with surface charge density ¢ and perform surface integral



b) For uniformly distributed charged sphere:

Bring from infinity successive shells of thickness
dr to radius 7 1n potential V', and sum all

contributions up to radius [ — f V(¢)dg = f Vo KEM

tq

q
U= J‘47&97/ 47” Azmrdr
T o\ 2l

[Potential x [Charge X [Volume
(@ radius r] density] element of shell]

a_.4
U =3 4 Ir dr—3 4
dre, v a’ S 4re,a

v
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1.5. Calculate the electric field strength E and the electrostatic potential V', as functions
of radial distance r, for a sphere of uniform pnsiti\( charge density pg, of radius R,
centred at the origin. Sketch graphs of E and V' ag unst .

Use Gauss’ Law: ﬁ E-dS=— ”I pdV Po

. 4—”R3 for r>R
i £,.dS = E -4nr’=L1.3° N 3'00 '

Frp, for r<R

R’ |
E =Ffo. forr>R and E—'OO .7 forr<R

" 3¢, 1 3¢,
r -1 R’

I/out:_ Erdr’:_&R3. -, — '00 .
© 380 | V’_OO 380 7"

on sphere (r=R): V = 2o p2

Vi =V = [ Edr =20 [ R =47 4+ 1R = 2[R -




E =
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Ve =

E-field and potential V as function of r
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1.6. The electron charge density of a hydrogen atom in its ground state is given by
e

p(r) = —— exp[—2r/ag],
Tag

where aq is the Bohr radius (5.3 x 107 m). Show that the electric field due to the
electron cloud is given by

—2r/ag __ —2r/ag 9,—2r/ag
E(r) e {(e 1)  2e 2e }

2 T T 2

dreq agr ag

1 n
[ / e dr = —x"e™™ — — / r1leox (1.1‘]
a a

7

Electron cloud:
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E = X + +

| | 1 (charge
Gauss’ Law: ﬁE dS = ”.[ pdV enclosed)
E-—1_ expﬁ__jr sin 0d Od pdr”
4re,r’ i ra _
IXZ eXp(ax)dx — %x2 eax :) _%xeax :) _I_%eax (};

0

here: a = _c% and ”sin&’d&’dgo =4r

0

e (exp(—Zr/aO)—l 2exp(-2r/a,) 2exp(—2r/a0)\

2 2
dre, | r a,r a,

J
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Explain qualitatively what happens when such an atom is placed in a steady, uniform

electric field, of strength FEj.

4]

Explain qualitatively what happens when such
an atom 1s placed 1n a steady, uniform electric

field, of strength E,,.

Centres of gravity of the
positive nucleus and the
negative electron charge
distribution shift.

Forces on charges due to E,
balances the internal force

of the dipole ¢!

narges.

The atom exhil
electric dipole

dits an
moment.



1.7. The space between two concentric spheres, of radii @ and b (b > a), 1s filled with air
which has a relative permittivity of 1. Show that the capacitance C' of the combination

is given by
. ab
C' = —17&'(50 .
b—a

Gauss's Theorem 1n vacuo: ﬁ E-dS = gi - j” od V
0

A

Calculate the capacitance

for a spherical capacitor: C=

Q
V
Betweena and b : E 471’ = Q
0

V:_IEdr: _ _a:Q-(b—a)
472'80 rl,  4me,ab

| —

b—a 13




The inner sphere is raised to a potential V' and then isolated, the outer sphere being
earthed. The outer sphere is then removed. Show that the resulting potential V' of the

remaining sphere is given by
bV

V' = .
b—a

~
Ot
[E—"

The 1nner sphere 1s raised to a potential V and then
1solated, the outer sphere being earthed. The outer
sphere 1s then removed. Find the resulting potential of

the remaining sphere.

Before (and after? removal, 0 =4z, ab Vo
charge stored on inner sphere: b—a
After removal, field of E = 0
remaining sphere: Y PN
V' =—[E.dr=- < jlzdr: © _ by
= dre,” dre,a b—a ”




If the values of @ and b are 0.9m and 1.0m respectively, and given that air cannot
sustain an electric field greater than 3000 V. mm™!, calculate the maximum potential to
which the inner sphere can be initially charged. 8]

Now back to the original ‘
configuration:

E__=3000V/mm a=09m b=1.0m

E 1s at a maximum when r 1s at its smallest — consider E(a)

From [1] ( Q=47r«90-ba_ba-V)and Gauss’ Law ( E, = <
E,(a)=

dre,r

ab .V.LZV.b. I
b—a a a b—a
b — .

v o—F .a( a):3.106\/.0.9m 0.1m

max max b

=2.7-10°V
m Im 15




1.8. An electric dipole consists of charges —g and +¢ separated by a distance 2/, the
resulting dipole moment p being of magnitude 2¢g/ and with direction from —¢g to +g.
At a point (r, ) relative to the centre and the direction of the dipole axis, derive from
first principles, in the case where r > [,

(a) the electrostatic potential, [4]
(b) the radial and tangential components of the electric field, 4]
(c) the torque exerted on such a dipole by a uniform electric field E. 6]

—q A" 16



The electrostatic potential of a dipole:

Charges +q at A and —q at A’

2 2 2
AP =r"+/°—-2rfcosé

2 ) )
AP =r +/0"+2rfcosd

o q 1 g 1
4re, AP dre, AP

o

Binomial expansion

$:l°[1+(%)2—2%0056’}% l-:l+%cos6’+..._

U

v

1 i
: 1—%0056’+...
17
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so: V, = A1+4Y cos@—1+*1 cosl |= .—C0s
" dze,r [ 4 4 ] dre, 1°

Vp_pcosé’

o 2
d7e,r

The radial and tangential components of the E-field:

oV 1 oV
E=-grad(V,);, E =——L and E,=———=L
grad (V) E==7 REPRPY:
Er:2pcos3¢9 and  E, :psmf

d7e,r de,r

18



Show that the torque exerted on a dipole by a
uniform electric ficld E1s p x E

Torque (couple) on the dipole:

q ” T =) ;rxF;

I'T| = 2(l Fsinf)
= 2lqFEsin6

= pFEsinfd

(with p = 2ql)

(T = p x E in vector notation )

19



Using these results find the angle ¢ for which the resultant electric field E at the point
(r,0) 1s in a direction normal to the axis of the dipole. [11]

Find the angle 0 for which E(7 0) at point P 1s in a
direction normal to the axis of the dipole.

Take the dipole moment p to be along the z-axis : O E
Find angle for which p-E=p_-E =0 P| \E,

2pcos’d psin’

3

E =FE -cos0—FE,-sin@ =0 thus 0

e’ drer”

2cos’@=sin“f and tan @ = iﬁ or @ =154.73°

20



1.9. Show that the work W done in bringing a dipole of equal magnitude from infinity
to a point at distance r from the first, along the normal to its axis, is given by

4212 [ This 1s not the best
W = — COS f, .
dmeor worded question !]
where 6 1s the angle between the axes of the dipoles. [12]

Calculate the work done in bringing a dipole of equal
magnitude from infinity to a distance » from the first

E 1s along the normal to its axis
If}o;xcflthe ’ U, = q-vV. + (—q)-V_

1C !

| g =q-(V, -V
due to : S a-(V.=V")
~ ) ! where:
the first—— 1 . g
. q | l E >
dipole A V. -V_=-E- (rq+ — rq_)
V_ A
When 15t dipole is at co, E=0 and Up = —qE‘- (21’) =-p-E
Ug=0, and 1s then brought 1n: Y0 A% 0>
U,=—-p-E=+pEcosf=2ql- c - Cos b= c ~C0s 0
— e y dre,r e, r 21
Note the direction of E and definition of 6




1.10. If a second dipole, free to rotate, is placed firstly along the line § = 0, and
secondly in the plane # = 7/2, in what direction will it point relative to the first? 4]

<E@ Second dipole placed at
0 = 0 and then at 0 = /2,
free to rotate :

2
0=0 | E =" ;’ < | £, =0 p, Parallel
0
7T
O=—|E =0 E, = P 7 | P2 Anti-parallel
2 d7e,r ’



2 Magnetostatics

2.1. State the Biot-Savart Law which describes the magnetic flux density dB at a
distance r from a current element /dl.

Find the magnitude B of the magnetic flux density on the axis of a plane coil of n turns
and radius a for a current / in the coil and at a distance z from the plane of the coil. [7]

State the Biot-Savart law : dl xr
Find the magnitude of B on axis dB = 1,1 - A2 d'@\“;‘ﬂe“
by for a coil of » turns.

dB

Symmetry:
dB has z-component only.

dg

Perp. components cancel.

A
N

And also: dl 1s perp. tor

-

27 2 2
Honl |dIxr - sing — J- Unla do _ U.nla

dar’ | r | —— 1§ 4ar 2(22 e )%
v % 23




Two such coils are placed a distance d apart on the same axis. They are connected in
series in such a way as to produce fields on the axis in the same direction. Write down
an expression for the magnitude of the net field B’ on the axis at a distance x from the
point midway between the coils. 3]

¥
Two such coils are placed a a

distance d apart on the same

axis. Find B as function of x. U =0 U

, unla’
B(x): 02 17 ot
(a +(%+x))

24



Show that the derivative of B’ with respect to x is zero when = = 0. Find the value of
d for which the second derivative of B’ with respect to = is also zero at x = 0. Under
these conditions, show that the variation of B’ between r = 0 and = = d/2 is less than
6 percent. [11]

 yynla’ 1 N 1
2 | 2 2\ 2 AV
(a +(%+x) ) (a +(%—x) )

Show that the derivative of B’ 1s 0 for x=0

(@ (42f ) i3 (ga)) 2 0)- (21
2

B'(x)

which 1s + the same, when x =0, hence: —(0)=0

25



Find the value of d for which the second
derivative of B’(0) 1s 0.

@B'oc—3(a2+<%+x>2)%<¢+x>+3(a2+<%—x>2)
O°B' o —3(a +( )
—3(a +(%— )

I5{a+
I5{a

O [(a () )—s@)z} -0

(a2 +(%

a*—4(4) =0

U
1
N

26



When a = d, show that the variation of B’
between x=0 and x=d/2 1s <6%

B,(x):,uon]. 1 - 1 .
2a (1+(%+§)2) (1+(%—§)2)
[ 2 unl |1 1
B(0)=52 = B'(4)=5" .-
2a (%) 2a _(1+1)2 |

N

B'(0)=B,-1.43108  B'(£)=B,-1.35355

AB'E': 5.57%

27
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Hond

B 1n units of

2a
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2.2. A very long cylindrical solenoid has radius R and is wound with N turns of wire
per unit length. If the winding carries a current 7, show that the magnetic induction B
inside the coil is radially uniform and give an expression for its value. 8]

Ampere's law 1n 1ts integral form: § B-dl =yl

N turns of wire per unit length. (I enclosed)
Winding carries a current /.
Find B and show it 1s radially uniform inside the coil.

<

A

\ 4

/

/

B-l=u,-N"-I  with N:N7, thus B=y,-N-1

For infinite solenoid, B constant within 1t (and zero outside)

— radially uniform field; symmetry means no azimuthal dependerzl%e




Calculate the self-inductance per unit length of the solenoid.

Calculate the self-inductance per unit length.

2
L= (D]”” _B c;rea -turns = ’UON]] 7R Nl = pu,N°wR*(

. and per length: % = u,tR*N*

A superconducting solenoid has radius 0.5m, length 7m and consists of 1000 turns.
Calculate the magnetic induction in the solenoid, and the energy stored in it when it
carries a current of 5000 A. You may approximate its behaviour to that of a very long
solenoid.

Calculate the magnetic induction and the energy stored.

R=0.5m, /=7m, N'=1000 = N =142.86m™

1
B = pyNI = 47-107 ALR 142.86—-5000A = 0.897T

Am m
U,=+LI" =Ly N*ZR(-1° =1.76-10°]

7]
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2.3. A long coaxial cable consists of two thin-walled coaxial cylinders of radii a and
b. The space between the cylinders is maintained as a vacuum and a current [/ flows
down the inner and returns along the outer cylinder. Calculate the magnetic field at a
distance 7 from the axis when

(i) b>r>a, (i) 7 > b and (iii) r < a. [10]

Calculate magnetic field mside a pair of co-axial
cylinders due to current I flowing as shown.

Ampere’s Law: §B .dl :” J-dA =y,

b>r>a: 2nrB,= u,l
r>b: 27wrBy = py (I -1)=0
r<a: 27rB,=0

/
Bgz ILIO

only for b>r>a
2y

(direction azimuthal : cf. RH screw) 3



Hence show that the self inductance of a length [ of this cable is L = 'L— 1(b/a) ]
I :

Calculate the self-inductance:
(surface dS=r.dl)

\
®=[B-dS= j“@ dr 0 = ﬂ(’]ln(éj 0
2mr 27 a
L= S _H ln(éj /
I 27z a
Alternatively, use: Un = 5.~ [oyspace B2 AV

2
Here: Uy = 5 b(“—‘ﬂ) 27rrdr-£:%§—1n()-€

2u0 Ja \ 27r

32

Also, since: Uy, = iL1? = L= ﬂln(éj-é

27 a




For the case where the inner cylinder is replaced by a solid wire, also of radius a, through-
out which the current is uniformly distributed, sketch the variation of the magnitude of
magnetic field with » over the range » = 0 to » = 2b.

Sketch the magnitude of B when the inner
cylinder 1s replaced by a solid wire

forr >a: see before Y (ratio of areas)
r’

forr<a: 2zrB,=pu,d-— thus Bgzﬂo].r

a 2wa a

|  Co-axial cable |

ol

2ra

27h
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