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 Electrostatics
* Magnetostatics
* Induction

« EM waves

... taken from previous years’ Prelims questions

T with thanks to Profs Hans Kraus, Laura Hertz and Neville Harnew 1



2 Magnetostatics

2.1. State the Biot-Savart Law which describes the magnetic flux density dB at a
distance r from a current element /dl.

4

Find the magnitude B of the magnetic flux density on the axis of a plane coil of n turns
and radius a for a current I in the coil and at a distance z from the plane of the coil. 7]

State the Biot-Savart law : dl xr
Find the magnitude of B on axis dB = 1,1 - A2 d'@\‘;‘é“
i/ for a coil of » turns.
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Symmetry:
dB has z-component only.
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Two such coils are placed a distance d apart on the same axis. They are connected in
series 1n such a way as to produce fields on the axis in the same direction. Write down
an expression for the magnitude of the net field B’ on the axis at a distance x from the
point midway between the coils. 3]

d—

K
Two such coils are placed a a

distance d apart on the same

axis. Find B as function of x. U =0 U

, unla’
B(x): 02 . 5 2\ /2
(a +(%+x) )




Show that the derivative of B’ with respect to x is zero when x = 0. Find the value of
d for which the second derivative of B’ with respect to = is also zero at x = 0. Under
these conditions, show that the variation of B’ between » = 0 and = = d/2 is less than
G percent. 1]
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Show that the derivative of B’ 1s 0 for x=0

B'(x) ¥
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which 1s + the same, when x =0, hence: —(0)=0




Find the value of d for which the second
derivative of B’(0) 1s 0.
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When a = d, show that the variation of B’
between x=0 and x=d/2 1s <6%

B,(x):,uon]. 1 - 1 .
2a (1+(%+§)2) (1+(%—§)2)
[ 2 unl |1 1
B(0)=52 = B'(4)=5" .-
2a (%) 2a _(1+1)2 |

N

B'(0)=B,-1.43108  B'(£)=B,-1.35355

AB'E': 5.57%
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2.2. A very long cylindrical solenoid has radius R and is wound with N turns of wire
per unit length. If the winding carries a current 7, show that the magnetic induction B
inside the coil is radially uniform and give an expression for its value. 8]

Ampere's law 1n 1ts integral form: § B-dl =yl

N turns of wire per unit length. (I enclosed)
Winding carries a current /.
Find B and show it 1s radially uniform inside the coil.

< / >
, . N’
B-l=u,-N-I  with N:7, thus B=y,-N-1
For infinite solenoid, B constant within 1t (and zero outside)

— radially uniform field; symmetry means no azimuthal dependen%e



Calculate the sel-inductance per unit length of the solenoid.

Calculate the self-inductance per unit length.

2
L= It‘” _B c;rea -turns = ’UON]] 7R Nl = pu,N°wR*(

. and per length: % = u,tR*N*

A superconducting solenoid has radius 0.5m, length 7m and consists of 1000 turns.
Calculate the magnetic induction in the solenoid, and the energy stored in it when it
carries a current of 5000 A. You may approximate 1ts behaviour to that of a very long
solenoid. 7

Calculate the magnetic induction and the energy stored.

R=0.5m, /=7m, N'=1000 = N =142.86m™

1
B = pyNI = 47-107 ALR 142.86—-5000A = 0.897T

Am m
U, =L =Ly N°zR*(-1° =1.76-10°J




2.3. A long coaxial cable consists of two thin-walled coaxial cylinders of radii a and
b. The space between the cylinders i1s maintained as a vacuum and a current [ flows
down the inner and returns along the outer cylinder. Calculate the magnetic field at a
distance 7 from the axis when

(1) b>1r > a, (ii) » > b and (iii) r < a. [10]
Calculate magnetic field mside a pair of co-axial
cylinders due to current I flowing as shown.
Ampere’s Law: §B .dl :” J-dA =y,

b>r>a: 2nrB,= u,l
r>b: 27rBy = py (I -1)=0
r<a: 27rB,=0

/
Bgz lLlO

only for b>r>a
2y

(direction azimuthal : cf. RH screw) 10



Lol
Hence show that the self inductance of a length [ of this cable 1s L = F)— In(b/a). ]
LT ~

Calculate the self-inductance:
(surface dS=r.dl)

l
D = jB .dS = j“@ dr- 0 = ﬂ(’]ln(éjﬁ
27Tr 27T a
=Lty (éj /
I 27T a

Alternatively, use: Uy = 5— B?dv

210 Jall space

2
Here: Uy = ;- b(“—‘ﬂ) 27rrdr-€:%§—1n()-€

2u0 Ja \ 27r

Also, since: Uy, = iL1? = L= ﬂln(éj-ﬁ
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For the case where the inner cylinder is replaced by a solid wire, also of radius a, through-
out which the current is uniformly distributed, sketch the variation of the magnitude of
magnetic field with » over the range » =0 to r = 2b. 7]

Sketch the magnitude of B when the inner
cylinder 1s replaced by a solid wire

forr >a: see before (ratio of areas)
2/

/
7zr2 thus BQ:’UO 2

a 2wa a

forr<a: 2nrB,= u,l-
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3 Electromagnetic Induction & Electrodynamics
3.1. State the laws of electromagnetic induction. 3]

State the laws of electromagnetic induction

e Faraday’s Law (or the Universal Flux Rule):

The induced electromotive force (EMF) £ in any closed circuit
is equal to (the negative of) the time rate of change of the
magnetic flux ® through the circuit:

5:—@:—%f580da

[Note that : € = f E.dl ]

e Lenz’s Law:

The induced EMF gives rise to a current whose magnetic field
opposes the original change in magnetic flux that caused it

(Lenz's Law is the minus sign in Faraday’s Law)

13



A thin circular annular disc of outer radius a, inner radius a/2 and thickness d is
made from a metal of resistivity p. Electrical contact is made to the disc through two
stationary brushes of negligible impedance. The first of these extends around the entire
outer periphery at radius a. while the second makes contact around the entire inner
edge at radius a/2.

Faraday disc (thickness d).

Brushes around entire inner
and outer perimeter.

Magnetic flux density
parallel to axis of rotation
(comes later).

resistivity p

14



(a) Calculate the electrical resistance of this arrangement. [10]

Calculate the electrical resistance of the disc

rd@
N polength - esistivity )
Id D area

f dr P
= =2 (2
~dr JpZﬂrd Dd n(2)

(b) Derive an expression for the potential difference between the brushes if the disc
rotates at angular velocity w in a uniform magnetic induction B parallel to the _
rotation axis. 8]

Find the potential difference for the disc rotating
in a magnetic flux density B

E = f /2V><B .dr wherev !l B ldrandov=rw

E = faa/z wBrdr =iwB (a2 — (%)2) = $Ba*w

15



(a) Calculate the electrical resistance of this arrangement. [10]

Calculate the electrical resistance of the disc

rd@
N polength - esistivity )
Id D area

f dr P
— . -~ 1n(2
~dr sz rerd 2za ™)

(b) Derive an expression for the potential difference between the brushes if the disc
rotates at angular velocity w in a uniform magnetic induction B parallel to the _
rotation axis. 3]

Find the potential difference for the disc rotating
in a magnetic flux density B

Alternative method: , (a

(see lectures) B-rla —| —
flux cut 2 3,
emf = = =—Ba'w

ti B 21 16
1me 4) 8




(¢c) What value of load resistor IR connected between the brushes would allow
maximum power to be delivered to the load while the disc rotates, as in (b)?

Find the optimum value for a load resistor

. I emf
\ R, +R

Power in load: P=1?R

emf

R
(R, +RY

P =(emf)2-

OR
maximum power transfer for: R =R,

L. 0=(R,+R) -1-2(R,+R)-R

4
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3.2. A homopolar generator consists of a metal disc of radius a and a central axle
which has radius a/4. The disc has resistivity p and thickness t. It is rotated in a
uniform magnetic field B about an axis through the centre, which is parallel to B and
perpendicular to the plane containing the disc, at an angular frequency w. Thin ring
brushes make good electrical contact with the disc near the axle and near the outer rim
of the disc as shown. .

B
H

EE—

|
Koy < @

(a) Calculate the resistance of the disc Rp measured between the brushes.

R= ,O-L here: area(r)=2xr-t Asbefore Ry

ared

I a ln(4):pln(2)
2rt 27zt Tt

_D
al4
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(b) Show that the potential difference between the brushes is (15/32)wBa?. 7]

emf — same as before :

E = f_/4v><B)-dr where vl B ldrandv=1rw

E = faa/4 wBrdr = %wB (a2 — (%)2) = %BaQw

(¢) A load resistance Ry is connected across the generator and the drive is removed.
Show that, in the absence of mechanical friction, the time 7 taken for the disc to
slow down to half its initial angular speed is

(32)2 lm(RL + Rp)In 2]
T = | — X .

15 2a? B2 8]
1 7 1 9 (NB, there is a mistake in this question: I = Y2 ma? is
E — [ - =—ma o [ 1 ] assumed, but for an annulus a/4 — a with the same
rot 2 4 mass, [ 1s a factor 17/16 larger)
2 2 2 4
dE (emf) 15 B a )

_P . —— = —| — . .a)
dt dsbated R+ R, 32) R,+R,

19



and @ = £t (from [1])
ma

dE,,m__(l_sjz 4B’a>
dt 32) m(Ry,+R,) ™

2 2 2
Integrate : ln[Emt(t))z—(ls) . 4Ba -1
m(

E,,(0) 32 R,+R,)
"half its angular speed": En (1) 1 (from [1])
E_(0) 4

(32)2 m(R, +R,)In(2)
T=| — .
15 2a° B’

20



3.3. A vertical square loop of wire with sides a is falling with velocity v as shown in
the figure from a region of horizontal magnetic induction B into a region where B = 0.
[f the resistance of the loop i1s R, show that the magnitude of the current in the loop is

B Bav
TR 3]

I

A vertical loop 1s falling as shown below.
Calculate the current 1n the loop.

T v o O=B-area=B-a-y
y B=0.3T dq) d
¢ emf:——z—B-a-—yzB-a-v

SRR ) A QS A g dl‘ dt
_B-a-v
R

A
]
v
=
l

21



Describe the forces acting on the loop due to the magnetic field, and indicate their
- - =
directions. 7]

Describe the forces acting on the loop due to the
magnetic field, and indicate their directions:

 Current (+¢) clockwise I K
 Force on these moving charges ' --{-f-----------%+ -
« Sideways forces cancel i P —

» Remaining force has decelerating effect

22



If a = 10em and the wire has a diameter of 1 mm and is made of copper (resistivity =
1.7 x 107® Qm, density = 8960 kg m™3), and B = 0.3 Tesla, calculate the steady state
velocity, if this 1s reached while the upper arm of the loop is still in the magnetic field.

FindR: a=10cm, D=1mm, p, =1.7-10°Qm

R=p, - 4a2 =1.7-107°QOm- 4-0.21112 =8.66-107Q
+D 7+-107m I
. and the mass: =p -V with p =8960— g
m’
m = 8960 —2 kg .0.4m- Z 10°m? = 2.814-10 kg
m’

Calculate the steady state velocity, 1f this 1s reached while
the upper arm of the loop 1s still in the magnetic field.

F:].a.B:B-a-v.a.B:m.g magnetic force =
R gravitational force
"8 _ 0.0266 ms

l}:

2 P2 23
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3.4. Two parallel rails separated by a distance d lie along the direction of greatest
slope on an incline making an angle ¢ with the horizontal. A flat bar of mass m rests
horizontally across the rails at the top of the incline. Both the bar and the rails are good
conductors and the rails are joined by a large resistance R at the bottom of the incline.
A uniform, vertical magnetic field of flux density B exists throughout the region.

The bar 1s released from rest and slides freely down the rails, remaining always
horizontal (i.e. perpendicular to the rails). Find an expression for the induced current

and hence find the equation of motion of the bar. [10]
dS
m
Vv
B
A A4 v

\\N — d R

< >

side view top view

24



d dA
Induced e.m.f. Vemf=‘E BedS =B COSHE

where A=d [

V _=-Bcostd % =B cosBdv
em t-

Induced current: 1=V, /R

Equation of Motion - consider magnetic (Lorentz) force on
current-carrying bar: dF=/dl x B

— F,yu=1dBcos0 =V, /R dBcos = B*d* cos’0v/R

Equation of Motion: m di v =mgsind — B’ d’ cos’0v/R
t

gravitational magnetic

. j v+ B2d2 cos®d /(mR) v = g sind
t \ J

!

k 25



Solving Equation of Motion: % v +kv=gsmb

try v=Aexp(-kt) +B  —=MOPM b cing ok

boundary condition: att=0,v=0 — A=-B

— v=smlg/k(l—exp(—kt)

Show that the bar will approach a constant speed and find an expression for this
speed.

for t=»c0, constant velocity: Ve, = sinf g/k

—  V,=gmRsinb/ (B?d? cos*0)

26



3.5. In a particular experiment, a particle of mass m and charge +¢ moves with speed
v along the r-axis towards increasing x. Between x = 0 and = = b, there 1s a region
of uniform magnetic field B in the y-direction. Deduce the conditions under which the
particle will reach the region = > b. In the event that it does reach this region, find an

expression for the angle to the r-axis at which it will enter it. 110]
x4 i0 Lorentz force acts perpendicular to v
i v and B.

Particle 1s forced onto circular
path: F=qvB=mvr

r=mv/(qB)

The particle will reach the region x > b 1f b <r, so need:
b <mv/(qB)

If it reaches the region, it enters it at angle 0 with sin 0 = b/r

sin=bqgqB/(mv)

27



In a second experiment, the same particle i1s accelerated from rest by a constant
electric field E acting over a length d. The particle then encounters a region of constant
magnetic field B perpendicular to its velocity, as shown in the figure below. Deduce the
magnitude |B| such that the particle will re-enter the region of constant electric field
at a distance d from the point at which it left. Assuming this value of |B|, sketch the
particle’s trajectory in the region of constant magnetic field and derive an expression

for the time spent there.

B®

charge ¢
mass 1m

- S S Y S S S S S . . -

charge ¢
mass ™m . \Z
end starting
point d point
- s

[10]
Acceleration 1n E-field provides kinetic energy:
Yamvi=qV=qEd
v = (2qEd/m)”

Lorentz force provides centripetal acceleration
in the second region (with B-field): qvB =mv?/r

If the particle 1s to re-enter the electric field at
a distance d from where 1t left, we need r=d/2:

B =2mv/(qd) = 2m (2qEd/m)*/(qd)

B =2 (2mE/(qd))” is required
28

Time spent = [1/2 circumference] / [velocity] = wr/v



L]
4 Electromagnetic Waves
4.1. By considering Ampere’s law applied to a parallel plate capacitor being charged by
a current /¢, explain why it is necessary to introduce a displacement current /3 given
by

dFE
Iy =cgA—
d e
where A 1s the area of the plates and E 1s the electric field strength between the plates
Hf the capacitor. .. .
e b Surface 1: Gauss 1nside capacitor

:El O §B.d1 —ul [E.dA=EA= 890
JE
o Y, Surface 2: [I; = 2 _ SoAd—E

dt

Show how Ampere’s law with the addition of the displacement current can be written
in differential form [3]

fB dl = podc gl = [_”JédA_l_.”deA]

Stokes: §B.d1=”vXB-dA

. 29

VxB=ud+ e E

[7]

J 1s the current density



Write down Maxwell’s equations for fields in a vacuum devoid of charges and currents.

Deduce from these equations the wave equation for E and the speed of these waves. 8]
Maxwell’s V-E=0 V-B=0
equations 1n free . :
Wave equation VXVxE = -VxB = — gk

from ngwell VxVxE
equations:

V(V-E) — V’E
—

wave equation: VZE— 11,6,E =0

Simplest form

is a plane E=E,exp[i(wt
wave solution

k-r)]: —k>+ pue,0° =0

(And similarly £ _ ¢ ! = *c (speed of light)

for B) k V Ho€o




4.2. State Maxwell’s equations appropriate to fields in a vacuum where there are charges
and currents. 4]

v.E:// V-B=0
&0

VxE=-B  VxB=y,(J.+&E)

Show that Maxwell's equations, in a vacuum devoid of charges and currents, lead to

wave equations for the electric and magnetic fields and deduce the speed of propagation
=
of the waves. 1]

Exactly as before, wave equation (for E and B fields):

from expli(wt Tk 1) —k*+ pe,0° =0

—~ = + = tc¢ (speed of light)

k J Ho&o .



Show that a plane wave solution may be obtained with field components £, and 5,, with
all other components zero. Deduce the direction of propagation and find the relation
between the magnitudes of £, and B,. Draw a sketch showing the relative orientation
of the field components and the direction of propagation.

— direction of propagation 1s
perpendicular to both E and B:
= E=FE,y=FEyexpli(wt Fkz)| ¥y

<1 |
=
| |
Lo L
~ I
[ssIle>
[
o O

o B = B,X = By expli(wt F kz)|¥

Plane wave solution with E, and B, only:
( ) ( h

; ] I _8Ey _GBX
Oz . Ot
VxE=|3, 8, 0.|= - -B=
0 0
0 E, 0
0 0

< \
E, = E,(z) only, B, = FcB,

not a function of x

J
b, =
Ey|

[11]

32



Sketch :

A J Can use Poynting vector to
give direction of energy flow

Or in the other direction ...

33



That’s all!

Good luck 1n Prelims !!!



