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QCD sum rules

SLAC circa 1970
50% of the 

momentum is NOT 
carried by quarks



QFT and the strong interaction
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• in QFT, it was thought no realistic interacting theory predicted scaling

• success of QPM model and scaling in DIS experiments explained with 
demonstration of asymptotic freedom in gauge theories

• gauge theories are invariant under local transformation of fields, thus 
predictions are unchanged by such transformations

• asymptotic freedom means that at high momenta gauge theories behave  
as free, non-interacting field theories

• important steps:
• 1972: Gross & Coleman – no renormalisable field theory except gauge theories could account for 

scaling
• 1973: Politzer and Gross & Wilczek – asymptotic freedom of gauge theories                                       

(in fact, t’Hooft had already remarked on this in 1972)
• 1973: Gross & Coleman – no theory without gauge fields could be asymptotically free

• a field theory of the strong interaction must be a gauge theory → QCD                   



QCD, a gauge theory
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• QED:

where q is the charge and θ is a space-
time dependent phase

• QED Lagrangian density:

electromagnetic tensor                
covariant derivative

the interaction between the fermions and 
the field is in the covariant derivative

U(1)

• QCD:

where g is the strong charge and t.θ is the product 
of the colour group generators with a vector of 
space-time phase functions in colour space

• the group generators t satisfy:

where fabc are SU(3) structure constants

and ta = λa/2 are 3×3 linearly independent
traceless Hermitian matrices, where λ are the 
Gell-Mann matrices:

SU(3)

• QCD is a locally gauge invariant field theory like QED



Gell-Mann matrices
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Gell-Mann matrices

5
• generators of SU(3)
• also describe the allowed colour configurations of the gluons



QCD Lagrangian
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• QCD Lagrangian density

gluon field strength tensor
covariant derivative

quark part gluon 

• quark part of Lagrangian describes the qqg interaction

where quarks now have colour indices i=1,2,3 (R,G,B) 
as well as flavour indices, f
ta=λa/2, a=1,2,…,8 where λa are the Gell-Mann SU(3) matrices

the gluon fields A have a=1,2,…,8 indices

• second part of QCD Lagrangian is purely gluonic

the difference from QED is the AA term which makes 
gluons interact with gluons (Non-Abelian), ggg and gggg

this term is also what makes QCD gauge invariant 
under local SU(3) transformation

Perturbation theory
[What is QCD]

[Perturbation theory]

Relies on idea of order-by-order expansion small coupling, ↵s ⌧ 1

↵s + ↵2
s|{z}

small

+ ↵3
s|{z}

smaller

+ . . .|{z}
negligible?

Interaction vertices of Feynman rules:

A, µ

ba

�igstAba�
µ

A, µ

B, ν

C, ρ

p

q

r

�gs f ABC [(p � q)⇢gµ⌫

+(q � r)µg⌫⇢

+(r � p)⌫g⇢µ
]

B, ν

D, σ

C, ρ

A, µ

�ig2
s f

XAC f XBD [gµ⌫g⇢�
�

gµ�g⌫�
] + (C , �) $

(D, ⇢) + (B , ⌫) $ (C , �)

These expressions are fairly complex, so you really

don’t want to have to deal with too many orders of

them! i.e. ↵s had better be small. . .

[Zvi Bern will show you how to do things more easily!]
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colour and the number of gluons

7
ANALOGY: gluon octet exactly mimics the meson flavor octet

colour singlet does not exist in nature; 
can also see this empirically: would be unconfined 

and so would behave like a strongly interacting 
photon – infinite range strong force!          ✘

• in the mathematics of SU(3) this is 3×3 = 8+1                            
and the last combination is the singlet, which is not coloured at all;         
so, eight coloured gluons

R G
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Gluons
! In QCD quarks interact by exchanging virtual massless gluons, e.g.

qb

qr qb

qr qrqb

qr qb

qr qb

qr qb

rb br

! Gluons carry colour and anti-colour, e.g.
qb qr qr qr

br rb rr

! Gluon colour wave-functions 
(colour + anti-colour) are the same 
as those obtained for mesons
(also colour + anti-colour) 

OCTET + 
“COLOURLESS” SINGLET
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! So we might expect 9 physical gluons:
OCTET:
SINGLET:

! BUT, colour confinement hypothesis:
Colour singlet gluon would be unconfined. 
It would behave like a strongly interacting 
photon       infinite range Strong force.

only colour singlet states
can exist as free particles

! Empirically, the strong force is short range and therefore know that the physical 
gluons are confined. The colour singlet state does not exist in nature !

NOTE: this is not entirely ad hoc. In the context of gauge field theory (see minor
option) the strong interaction arises from a fundamental SU(3) symmetry.
The gluons arise from the generators of the symmetry group (the 
Gell-Mann      matrices). There are 8 such matrices        8 gluons.
Had nature “chosen” a U(3) symmetry, would have 9 gluons, the additional
gluon would be the colour singlet state and QCD would be an unconfined
long-range force. 

NOTE: the “gauge symmetry” determines the exact nature of the interaction
FEYNMAN RULES

• colour exchange in a qqg diagram can be thought of like:
• gluon has colour red – antiblue in this case:

Prof. M.A. Thomson Michaelmas 2009 251

Gluons
! In QCD quarks interact by exchanging virtual massless gluons, e.g.

qb

qr qb

qr qrqb

qr qb

qr qb

qr qb

rb br

! Gluons carry colour and anti-colour, e.g.
qb qr qr qr

br rb rr

! Gluon colour wave-functions 
(colour + anti-colour) are the same 
as those obtained for mesons
(also colour + anti-colour) 

OCTET + 
“COLOURLESS” SINGLET

Prof. M.A. Thomson Michaelmas 2009 252

! So we might expect 9 physical gluons:
OCTET:
SINGLET:

! BUT, colour confinement hypothesis:
Colour singlet gluon would be unconfined. 
It would behave like a strongly interacting 
photon       infinite range Strong force.

only colour singlet states
can exist as free particles

! Empirically, the strong force is short range and therefore know that the physical 
gluons are confined. The colour singlet state does not exist in nature !

NOTE: this is not entirely ad hoc. In the context of gauge field theory (see minor
option) the strong interaction arises from a fundamental SU(3) symmetry.
The gluons arise from the generators of the symmetry group (the 
Gell-Mann      matrices). There are 8 such matrices        8 gluons.
Had nature “chosen” a U(3) symmetry, would have 9 gluons, the additional
gluon would be the colour singlet state and QCD would be an unconfined
long-range force. 

NOTE: the “gauge symmetry” determines the exact nature of the interaction
FEYNMAN RULES

• obviously br, rg, gr, gb, bg also possible

• and the combinations:                                                       
(rr – gg)/√2, (rr + gg – 2bb)/√6    AND    (rr + gg + bb)/√3

– – – – –

– – – – – – – –
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colour hypercharge colour hypercharge

colour
isospin

colour
isospin

•Gluons responsible for exchanging 
momentum and colour between 
quarks.

•Each gluon contains colour and anti-
colour.

•Naively expect nine gluons:                 
r r̅  rb ̅  rg̅  br̅  bb̅  bg̅  gr̅  gb ̅  gg̅  

•However gluons are described by 
the generators of the SU(3) group, 
giving eight linear colour!anti-
colour combinations of these

Colour Charge
•Each quark carries a colour charge: 

red, blue or green.

•The coupling strength is the same 
for all three colours colours.

•To describe a quark, need Dirac 
spinor u(p) plus a colour d.o.f. 
described by a column vector:

•Mathematically, symmetry is 
described by an SU(3) symmetry 
group.  Interactions are invariant 
under rotations in colour space:

3

Eight Gluons
•The generators of SU(3) are described by the Gell-Mann matrices

•They also describe the allowed colour configurations of gluons.

Each gluon is described by:

g1 = 1�
2
(rb̄ + br̄) g2 = 1�

2
(rb̄� br̄) g3 = 1�

2
(rr̄ � bb̄)

g4 = 1�
2
(rḡ + gr̄) g5 = 1�

2
(rḡ � gr̄) g3 = 1�

2
(bḡ � gb̄)

g7 = 1�
2
(bḡ + gb̄) g8 = 1�

6
(rr̄ + bb̄� 2gḡ)

( )r ̅

b ̅

g̅

gi =                 !i(       )r b g

4



renormalisation and running couplings
• contributions to perturbative expansion of 

scattering amplitudes beyond leading order are 
often divergent, EG. for QED

• for one loop, the fermion propagator becomes:

where Λ is a high momentum cut-off and 
where e0 is the bare charge 

• for many loops, the effect of summing 
the “leading logs” (largest corrections), 
can be accounted for by redefining the 
coupling:

can remove dependence on Λ and 𝛂0 by 
defining the Renormalised Coupling at some 
scale μ2 , and rewriting the above to give:

• so, the QED coupling increases for Q2 > μ2

the loops are divergent due to unrestricted integration over momentum 
in these loops – theory must be RENORMALISED; done by making 
constants of the theory such as coupling 𝝰 become dependent on the 
scale of the process – it is successful if it takes care of infinities to 
ALL orders

E.G. the 
𝝰=1/137 you 
are used to at 
low energies, 
becomes 1/125 
at a scale 
Q=MZ

8

0 0 0

Renormalization 47 

The essence of the idea is to evaluate the integrals in an n-dimensional 
space (n =1= 4) in which they converge, so the integral above becomes 

J dnk n n 2 n 1 
-:-::------::---. -+ i7r 2T( 1 - -)( -m p. - . 
k 2 - m 2 + I€ 2 

Now 
n 2 

f(l - 2") = - 4 _ n - 1 + 1'E + 0(4 - n), 

where 1'E is the Euler constant and the divergence occurs as the pole at n = 
4. The minimal subtraction scheme (MS) of 't Hooft and Veltman involves 
the introduction of counter terms to cancel only the singular terms at n = 
4. However, a number of authors have argued that it is more convenient 
to remove the terms involving 1'E, which always appear in dimensional 
regularization, as well as the singular terms. This scheme is known as the 
modified minimal subtraction scheme (MS ). This latter is the one that 
is now preferred for most perturbative QCD calculations. Other schemes 
may be appropriate for particular calculations and will be mentioned when 
necessary. 

3.4.2 Charge renormalization in QED 
To get a feeling for the consequences of renormalization, consider the fol-
lowing simplified account of charge renormalization in QED.8 Figure 3.6 

+ + ... 

Fig. 3.6 Higher order loop corrections to the photon propagator for scattering 
between point like particles in QED. 

shows the first few higher order loop diagrams for scattering between un-
like point- like fermions at fixed CM energy (note the minus sign which 
arises from from each fermion loops). The amplitude depends only on the 
square of the 4-momentum transfer, q2 , and the modification of the photon 
propagator by a single fermion loop is 

-i9J.l.v -+ -i9J.l.v + (-i9W"'-) IIo i3 (-i9i3v ) . 
q2 q2 q2 q2 

8The approach taken here is close to that in either Halzen and Martin (1984) or 
Aitchison and Hey (1989). 

=



QCD running coupling
confinement and asymptotic freedom
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at leading order           

• c.f. QED, there is another type of loop diagram
• contributions both diverge logarithmically, but 

with opposite sign coefficients (can be understood 

qualitatively in terms of charge screening effects)

• and what of QCD?

• QCD coupling is renormalised as:

where           

coupling decreases as energy (1/distance) 
scale goes up
at high energies, we have ASYMPTOTIC FREEDOM 
and may make perturbative calculations;
at low energies, we can not, and we have 
CONFINEMENTNB, the quark loop gives –1/6π for each flavour of fermion (nf) – this 

is like the –1/3π of QED except for a conventional factor of 2; the 
new feature is the 33/12π of the gluon loop which swaps the sign

Running coupling (cont.)
[What is QCD]

[Running coupling]

Solve Q2 @↵s

@Q2
= �b0↵

2
s ) ↵s(Q

2
) =

↵s(Q2
0 )

1 + b0↵s(Q2
0 ) ln

Q2

Q2
0

=
1

b0 ln
Q2

⇤2

⇤ ' 0.2 GeV (aka ⇤QCD) is

the fundamental scale of QCD,

at which coupling blows up.

I ⇤ sets the scale for hadron

masses

(NB: ⇤ not unambiguously

defined wrt higher orders)

I Perturbative calculations valid

for scales Q � ⇤.

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)
(–)
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(Λ ≡ ΛQCD ≈ 200 MeV can only be determined experimentally)



QCD colour factors

10

SLAC circa 1970

= 3

see Devenish & Cooper-Sarkar p38–39 for a simple colour factor calculation

• pQCD involves an order-by-order expansion in a small coupling ⍺s= gs2/4π 
≪ 1, and calculations are made using Feynman diagrams (rules for vertices 
have already been shown)

• main complication in comparison to QED is the need for Colour Factors;                          
in perturbative calculations the average and sum over all possible colour configurations in the 
initial and final states leads to combinatoric colour factors TF, CF, CA                         

• TF, CF and CA are the physical manifestation of the underlying group structure;
in QCD, they represent the relative strength of the processes:Quick guide to colour algebra
[What is QCD]

[Perturbation theory]

Tr(tAtB) = TR�AB , TR =
1
2

A B

P
A tAabt

A
bc = CF �ac , CF =

N2
c � 1

2Nc
=

4

3
a c

P
C ,D f ACD f BCD = CA�AB , CA = Nc = 3

A B

tAabt
A
cd =

1

2
�bc�ad �

1

2Nc
�ab�cd (Fierz)

1

2 2N

−1

b a

c d

=

Nc ⌘ number of colours = 3 for QCD
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outline of a tree level calculation

40 QeD and formal methods 

Tr (TaTb ) = 2:. r ed jbcd = CAbab , (3.8) 
c,d 

C F, C A are the Casimir operators and , as they are group invariants , are 
used to label SU(3) representations. GF , GA and TF are the colour factors 
associated with the quark and gluon loop insertions as shown in Fig. 3.2. 
For SU(3) GF = 1 and GA = 3. 

3.2 Some simple tree-level diagrams 
Gluon bremsstrahlung and qq pair production processes will be considered. 
Both are important for O(Cts ) improvements to the QPM and for large 
PT jet production in DIS. The route followed here is to start with the 
equivalent QED calculation and then modify the result by the appropriate 
colour factor. 

The QCD Compton process (QCDC) I'*q -+ gq is one of the most useful 
for understanding the essential physics of how QCD modifies the quark-
parton model. The related QED process is I'*e -+ I'e which is Compton 
scattering with one photon virtual. The tree-level diagrams are shown in 
Fig. 3.3 which also defines the 4-momenta of the particles involved. The 

(i) 
qr<l'* I' q' 

e e 
P pi 

q 1', 
1'* q 

(a) (b) 

q 

H g 
q q 

(ii) q q q q , 
I P P P P 

(a) (b) 

Fig. 3 .3 (i) QED tree-level diagrams for ,'e -> ,e, (a) s-channel, (b) u-channel; 
(ii) the equivalent diagrams for the QCD Compton process ,'q -> gq. 

usual kinematic Lorentz invariants are: 

s (q + p)2 = (q' + p')2 = 2q . P _ Q2 
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t 
u 

(q _ q') 2 = (p' _ p) 2 = _ 2p . p' 
(q _ p') 2 = (q' _ p) 2 = _ 2q' . p 

(3.9) 

where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 

(3 .10) 

For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 

1 '"' 2 4 [ u S 2tQ
2

] - IMa + Mb 1 = 2e - - - - + -- . 
4 . s u SU 

spins 

(3 .11) 

The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 
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this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 
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a choice in the definition of k in the flux factor, 4ky's, is required. This 
book follows the Hand convention, in which the initial state momentum is 
calculated as though the photon were real. Since the quarks are taken to 
be massless that means that k = k' = y's/2. Using this, the expression for 
the QCDC cross-section is 

dCT I = e;oos _ + 2tQ
2

] . 

dO QCDC 3 S s U su 
(3.14) 

In the ,* q CMS, the invariant u is given by u = - 2kk' (1 - cos B) where 
B is the angle between the incoming ,* and the outgoing scattered quark. 

Because the partons are taken to be massless I is divergent as 
QCDC 

B ---> O. How this divergence is to be regulated will be discussed shortly. 

g 
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, 
q,p 

q,p 

Fig. 3.4 The tree-level diagrams for the photon (or boson) gluon fusion process. 

The second process that is important, particularly at low x and for heavy 
quark production, is the photon (or boson) gluon fusion process (BGF) 
for producing a qq pair. The tree-level diagrams are shown in Fig. 3.4. 
The corresponding QED process is the inverse of pair production (e+e- ---> 

,*,) in which one photon is virtual. The L:spins IM(ee ---> ,*,)12 may be 
calculated directly or 'crossing symmetry' may be used to write down the 
result immediately from that for Compton scattering. 6 The latter gives 

L IM(ee ---> ,*,)12 = (- 1) L IMb*e ---> ,e)12(s +-+ t,u unchanged) 
sp ins spins 

Allowing for the different colour factor, in this case (TF from the quark 
loop in the gluon line in the diagrams in IMBGFI 2), one then gets 

6See Appendix B for details . 
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where the kinematic invariants are now: s = (q+q')2; t = (q_p)2; u = (q-
p')2 . Using the Hand convention for the virtual photon flux, the expression 
for the BGF cross-section is 

(3 .15) 

In the ,*g CMS, t = - 2kk'(1 - cosO) and u = -2kk'(1 + cosO) where k 
and k' are the magnitudes of the initial and final state CM momenta and 

e is the angle between the incoming " and the outgoing q. I is 
dH BGF 

divergent both when 0 -> 0 and 0 -> 7r. 
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• consider QED Compton scattering with one 
virtual photon

• the QCD analogue is QCDC and the kinematic 
invariants are:

• the amplitudes for the two QED diagrams are:
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• adding, squaring and taking care of spins:

• to go to QCD e4 must be replaced:

• and the colour factor from the loop insertion CF=4/3:

• and using Fermi’s Golden rule to go to the cross 
section via the phase space factors:

• a further important process is Boson-Gluon Fusion 
(BGF):

• which similarly has the cross section:

outline of a tree level calculation
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Tr (TaTb ) = 2:. r ed jbcd = CAbab , (3.8) 
c,d 

C F, C A are the Casimir operators and , as they are group invariants , are 
used to label SU(3) representations. GF , GA and TF are the colour factors 
associated with the quark and gluon loop insertions as shown in Fig. 3.2. 
For SU(3) GF = 1 and GA = 3. 

3.2 Some simple tree-level diagrams 
Gluon bremsstrahlung and qq pair production processes will be considered. 
Both are important for O(Cts ) improvements to the QPM and for large 
PT jet production in DIS. The route followed here is to start with the 
equivalent QED calculation and then modify the result by the appropriate 
colour factor. 

The QCD Compton process (QCDC) I'*q -+ gq is one of the most useful 
for understanding the essential physics of how QCD modifies the quark-
parton model. The related QED process is I'*e -+ I'e which is Compton 
scattering with one photon virtual. The tree-level diagrams are shown in 
Fig. 3.3 which also defines the 4-momenta of the particles involved. The 
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Fig. 3 .3 (i) QED tree-level diagrams for ,'e -> ,e, (a) s-channel, (b) u-channel; 
(ii) the equivalent diagrams for the QCD Compton process ,'q -> gq. 

usual kinematic Lorentz invariants are: 

s (q + p)2 = (q' + p')2 = 2q . P _ Q2 
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The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 
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where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 
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5See Appendix B for a summary of cross-section and phase space relations. 
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where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 
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For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 
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The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 

Some simple tree-level diagrams 41 

t 
u 

(q _ q') 2 = (p' _ p) 2 = _ 2p . p' 
(q _ p') 2 = (q' _ p) 2 = _ 2q' . p 

(3.9) 

where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 

(3 .10) 

For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 

1 '"' 2 4 [ u S 2tQ
2

] - IMa + Mb 1 = 2e - - - - + -- . 
4 . s u SU 

spins 

(3 .11) 

The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 

Some simple tree-level diagrams 41 

t 
u 

(q _ q') 2 = (p' _ p) 2 = _ 2p . p' 
(q _ p') 2 = (q' _ p) 2 = _ 2q' . p 

(3.9) 

where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 

(3 .10) 

For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 

1 '"' 2 4 [ u S 2tQ
2

] - IMa + Mb 1 = 2e - - - - + -- . 
4 . s u SU 

spins 

(3 .11) 

The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 

Some simple tree-level diagrams 41 

t 
u 

(q _ q') 2 = (p' _ p) 2 = _ 2p . p' 
(q _ p') 2 = (q' _ p) 2 = _ 2q' . p 

(3.9) 

where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 

(3 .10) 

For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 

1 '"' 2 4 [ u S 2tQ
2

] - IMa + Mb 1 = 2e - - - - + -- . 
4 . s u SU 

spins 

(3 .11) 

The three terms on the RHS come from 1 M a 12, 1 M b 12 and the cross term 
MaM b respectively. The calculations are explained in many texts (for 
example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 

42 QeD and formal methods 

a choice in the definition of k in the flux factor, 4ky's, is required. This 
book follows the Hand convention, in which the initial state momentum is 
calculated as though the photon were real. Since the quarks are taken to 
be massless that means that k = k' = y's/2. Using this, the expression for 
the QCDC cross-section is 

dCT I = e;oos _ + 2tQ
2

] . 

dO QCDC 3 S s U su 
(3.14) 

In the ,* q CMS, the invariant u is given by u = - 2kk' (1 - cos B) where 
B is the angle between the incoming ,* and the outgoing scattered quark. 

Because the partons are taken to be massless I is divergent as 
QCDC 

B ---> O. How this divergence is to be regulated will be discussed shortly. 

g 
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Fig. 3.4 The tree-level diagrams for the photon (or boson) gluon fusion process. 

The second process that is important, particularly at low x and for heavy 
quark production, is the photon (or boson) gluon fusion process (BGF) 
for producing a qq pair. The tree-level diagrams are shown in Fig. 3.4. 
The corresponding QED process is the inverse of pair production (e+e- ---> 

,*,) in which one photon is virtual. The L:spins IM(ee ---> ,*,)12 may be 
calculated directly or 'crossing symmetry' may be used to write down the 
result immediately from that for Compton scattering. 6 The latter gives 

L IM(ee ---> ,*,)12 = (- 1) L IMb*e ---> ,e)12(s +-+ t,u unchanged) 
sp ins spins 

Allowing for the different colour factor, in this case (TF from the quark 
loop in the gluon line in the diagrams in IMBGFI 2), one then gets 

6See Appendix B for details . 
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where the kinematic invariants are now: s = (q+q')2; t = (q_p)2; u = (q-
p')2 . Using the Hand convention for the virtual photon flux, the expression 
for the BGF cross-section is 

(3 .15) 

In the ,*g CMS, t = - 2kk'(1 - cosO) and u = -2kk'(1 + cosO) where k 
and k' are the magnitudes of the initial and final state CM momenta and 

e is the angle between the incoming " and the outgoing q. I is 
dH BGF 

divergent both when 0 -> 0 and 0 -> 7r. 

3.3 Infrared and collinear singularities 
A theory with massless particles appears to give rise to divergent cross-
sections from the multiple emission of very low energy particles (infrared 
radiation) and from a singular matrix element when two particles are 
collinear. Consider the radiation of a soft photon from an electron emerging 
from some scattering process e(p + k) -> ,(k) + e(p), where the 4-momenta 
are indicated in the brackets. Ignoring masses and inessential details, the 
cross-section for this final state radiation is 

where Ep , E k , Be'"( are the energies of the final electron and photon and the 
angle between them. The collinear singularity arises as Oe"'! -> O. Integrating 
the characteristic dEk / Ek spectrum of soft radiation down to zero energy 
gives the 'infrared ' logarithmic singularity. There are two theorems arising 
from the structure of gauge field theories that overcome these problems 
by the inclusion of higher order processes ('radiative corrections '). The 
divergent terms are cancelled leaving a finite cross-section. 

The first is the Bloch- Nordsieck Theorem. To give a flavour of how it 
works consider the scattering of an electron from a 'heavy muon ' so that 
only radiation from the electron need be considered . The Born diagram, 
which is O(e2 ) in the electric charge, is shown in Fig. 3.5(a) . The radia-
tion of real photons from the initial and final state electrons are shown in 
diagrams (c). Collinear and infrared divergences of the sort just discussed 
are regulated by introd ueing a fictitious photon mass .A 2 . This is a mathe-
matical device to allow the integrals to be performed and the singularities 
isolated. The crucial point is that any measurement of a physical process 
will involve detectors with finite resolution in energy and angle and a min-
imum threshold energy Eo . Thus it will not be able to register a photon 

• consider QED Compton scattering with one 
virtual photon

• the QCD analogue is QCDC and the kinematic 
invariants are:

• the amplitudes for the two QED diagrams are:

Some simple tree-level diagrams 41 

t 
u 

(q _ q') 2 = (p' _ p) 2 = _ 2p . p' 
(q _ p') 2 = (q' _ p) 2 = _ 2q' . p 

(3.9) 

where all masses have been neglected except for the virtual photon with 
q2 = _Q2 . Both of the diagrams shown in the figure are required for gauge 
invariance. Using the Feynman rules for QED,4 the amplitudes for the s 
and u channel processes are M a, Mb where: 

(3 .10) 

For the unpolarised cross-section one needs IMa + M bl 2 summed over the 
final spin states and averaged over the initial spin states: 

1 '"' 2 4 [ u S 2tQ
2

] - IMa + Mb 1 = 2e - - - - + -- . 
4 . s u SU 

spins 

(3 .11) 
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example Aitchison and Hey (1989) or Halzen and Martin (1984)) and some 
details are discussed in the problems at the end of this chapter. To get from 
this result to the equivalent one for [*q -> gq, one needs to replace e4 and 
introduce the relevant colour factor. For future reference, e2 is written in 
terms of O:qed (usually just written as 0:), so for a quark with charge eie 

By looking at IMal 2 diagrammatically, Fig. 3.3(ii)a, it is clear that the 
colour factor comes from the gluon loop insertion on the quark line C F = 1 
(as in F ig. 3.2a). The expression for the QCDC spin summed and averaged 
squared matrix element is 

IM I2 is related to the cross-section by5 

du _ 1 k - -2 
dO. - (87r)2s k,lMI , (3.13) 

where k and k' are the magnitudes of the initia l and final state 3-momenta, 
respectively. Since QCDC involves a virtual photon in the ini t ia l state, 

4The Feynman ru les are given in Appendix D. 
5See Appendix B for a summary of cross-section and phase space relations. 

• adding, squaring and taking care of spins:

• to go to QCD e4 must be replaced:

• and the colour factor from the loop insertion CF=4/3:

• and using Fermi’s Golden rule to go to the cross 
section via the phase space factors:

• a further important process is Boson-Gluon Fusion 
(BGF):

• which similarly has the cross section:

Devenish & Cooper-Sarkar p40–43 11



QCD predictions
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to test the validity of any theory, its predictions must confront experimental data

important predictions of QCD:

• 3 colour states per quark: measurements should yield evidence that there are 3 
colour degrees of freedom for each quark in a final state

• hadronic jets: since quarks and gluons cannot be seen in isolation, we should only 
directly observe hadronic jets

• gluon jets: some jets should originate from gluons

• gluon self coupling: evidence for a ggg vertex should be observed

• scaling violations: structure function F2(x,Q2) should increase at small x and 
decrease at large x, as Q2 increases

• running of 𝝰s: 𝝰s should decrease with increasing Q2

taken from J Ferrando, SUPA lectures



evidence for quark colour
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nc

→ nc=3



evidence for hadronic jets
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• 1st observation of back-to-back dijet
events in                       at SPEAR in 
1975

• quarks and gluons cannot 
be observed directly             
due to confinement;
observe collimated jets

• back-to-back collimated bunches of tracks from charged hadrons seen in central 
tracking detector, and back-to-back hadronic clusters in calorimeter
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• correction to                  
gives events with 3 jets in the final 
state

• jets are coplanar to conserve 
momentum

• first direct evidence for gluons by 
observation of 3 jet events at 
PETRA in 1979

3-jet events and the gluon
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• can rewrite in terms of transverse 
momentum pT between q and qbar

• pT is non-zero only when there is 
gluon emission

• measurement shown is of the pT

distribution w.r.t. the thrust axis of 
hadrons at PETRA at different √s 
(√s increases from lowest to highest curves)

3-jet events and the gluon

16

• cross section up to         :         
where     is: 



Evidence for Gluon Self-Interactions
ALEPH 4-jet event Experimental method:

Define the two lowest energy jets as the gluons. (Gluon

jets are more likely to be lower energy than quark jets).
Measure angle � between the plane containing the

“quark” jets and the plane containing the “gluon” jets.

Gluon
self-interactions are
required to describe
the experimental
data.

Dr. Tina Potter 7. QCD 27

4-jet events and the triple gluon vertex

17

• ggg vertex should be observable in events 
containing at least 4 jets

• LEP measured 4 jet events as a function of observables 
designed to highlight non-abelian nature of QCD

• EG. angle between planes of two lowest and two highest energy jets

• non-Abelian theory clearly favoured by data



Figure 5: Results of the colour factor measurement by ALEPH, compared to measurements of
OPAL and DELPHI. Also indicated are the expectations from SU(3) and other gauge groups .

4 Conclusions

Measurements of the QCD colour factors have been performed by the LEP experiments, based
on a variety of approaches. Consistency with the expectations from QCD with SU(3) as gauge
group has been found in all cases. The existence of a very light gluino is ruled out, which however
has yet to be confirmed by direct searches.
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QCD colour factor measurement
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SU(3) is clearly favoured

Measurements:

Predictions:

• simultaneous measurements of CA/CF and TF/CF in e+e- collisions have been made
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observation of scaling violation

Region of 1st SLAC measurement (1972)

LO QCD: F2(x,Q2) = Σi ei
2(xq(x,Q2) + xqbar(x,Q2)) 
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origin of scaling violation

As we shall shortly see, QCD can predict the Q2 dependence of F2

BUT cannot predict the x dependence

Intuitive picture

• The gross features of the evolution can be easily understood as
follows. In the left plot above we indicate by the blob the resolution
1/Q of a photon with virtuality Q2. Increasing Q2 will resolve a
quark into a quark-gluon pair of lower momentum (right plot).
Thus when Q2 increases, more and more quarks are seen that have
split into low momentum quarks. As a consequence, the quark
distribution will shift to lower values of x with increasing Q2. This
results in the characteristic scale breaking pattern of F2, when
plotted versus Q2 for several values of x (! fig.)

- ln Q
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• intuitive picture:
• At high Q2 observe more low x 

quarks

• EXPLANATION: at high Q2

(shorter wavelength) resolve 
finer structure i.e. reveal quark 
is sharing momentum with 
gluons

• At higher Q2 expect to “see” 
more low x quarks (and 
therefore fewer at high x)

• observe “small” deviations 
from exact Bjorken scaling 
F2(x) ➜ F2(x,Q2)



QCD running coupling
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SSI 2006 9

Asymptotic Freedom

“What this year's Laureates 
discovered was something that, at 
first sight, seemed completely 
contradictory. The interpretation of 
their mathematical result was that the 
closer the quarks are to each other, 
the weaker is the 'colour charge'. 
When the quarks are really close to 
each other, the force is so weak that 
they behave almost as free particles. 
This phenomenon is called 
‘asymptotic freedom’. The converse 
is true when the quarks move apart: 
the force becomes stronger when the 
distance increases.”

1/r

αS(r)

• at low Q2, 𝝰s is large: at Q2=1 GeV2, 𝝰s ~1                    
• cannot use perturbation theory; this is the reason why                                                                              

QCD calculations at low energy are so difficult, EG.                                                                         
properties of hadrons, hadronisation of quarks to jets, ….

• at high Q2, 𝝰s is rather small, EG. at Q2=MZ2, 𝝰s =0.12 – ASYMPTOTIC FREEDOM 
• can use perturbation theory, and this is the reason why in DIS at high Q2, quarks behave as if quasi-free

• experimentally confirmed using many different kinds of measurements
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Colour Singlets

Prof. M.A. Thomson Michaelmas 2009 247

! It is important to understand what is meant by a singlet state
! Consider spin states obtained from two spin 1/2 particles.

• Four spin combinations:
• Gives four  eigenstates of 

spin-1
triplet

spin-0
singlet

! The singlet state is “spinless”: it has zero angular momentum, is invariant 
under SU(2) spin transformations and spin ladder operators yield zero

! In the same way COLOUR SINGLETS are “colourless”
combinations:
" they have zero colour quantum numbers
" invariant under SU(3) colour transformations
" ladder operators               all yield zero

! NOT sufficient to have                     : does not mean that state is a singlet

Meson Colour Wave-function

Prof. M.A. Thomson Michaelmas 2009 248

! Consider colour wave-functions for
! The combination of colour with anti-colour is mathematically identical

to construction of meson wave-functions with uds flavour symmetry 

Coloured octet and a colourless singlet
•Colour confinement  implies that hadrons only exist in colour singlet 

states so the colour wave-function for mesons is:

! Can we have a            state ? i.e. by adding a quark to the above octet can we form
a state with            . The answer is clear no.

bound states do not exist in nature.

M Thomson

colour singlets – analogy with spin
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colour hypercharge and colour isospin

 V. Hedberg                                                                                 Quantum Chromodynamics                                                                                                               3 

Quantum Chromodynamics
     The colour hypercharge (Yc) and colour isospin charge (Ic)

can be used to define three colour and three anti-colour 
states that the quarks can be in: 

3

g        1/3      -1/2
b       -2/3       0

r        1/3       1/2

Yc I3
c

g       -1/3       1/2
b        2/3        0

r       -1/3      -1/2

Yc I3
c

     All observed states (all mesons and baryons) have a total
colour charge that is zero. This is called colour confinement.

Zero colour charge means that the hadrons have the following
colour wave-functions:

qq =   (rr+gg+bb)

q1q2q3 =   (r1g2b3-g1r2b3+b1r2g3-b1g2r3+g1b2r3-r1b2g3)

1
3

1
6

 V. Hedberg                                                                                 Quantum Chromodynamics                                                                                                               4 

d     -1/3      1/3     -1/2
u      2/3      1/3       1/2
s     -1/3      -2/3        0
c 2/3      4/3         
b     -1/3     -2/3        0
t  2/3      4/3        

0

0

 Q        Y         I3

d      1/3     -1/3      1/2
u     -2/3     -1/3     -1/2
s      1/3       2/3        0
c -2/3     -4/3         
b      1/3      2/3         0
t -2/3     -4/3        

0

0

 Q        Y         I3

Quantum Chromodynamics
     The colour hypercharge (Yc) and colour isospin charge (Ic) should3

not be confused with the flavour hypercharge (Y) and flavour
isospin (I3) that were introduced in the quark model: 
 

After introducing colour, the total wavefunction of hadrons
can now be written as:

\total� �\space�x�\spin�x�\flavour�x�\colour�
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Gluons
! In QCD quarks interact by exchanging virtual massless gluons, e.g.

qb

qr qb

qr qrqb

qr qb

qr qb

qr qb

rb br

! Gluons carry colour and anti-colour, e.g.
qb qr qr qr

br rb rr

! Gluon colour wave-functions 
(colour + anti-colour) are the same 
as those obtained for mesons
(also colour + anti-colour) 

OCTET + 
“COLOURLESS” SINGLET
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! So we might expect 9 physical gluons:
OCTET:
SINGLET:

! BUT, colour confinement hypothesis:
Colour singlet gluon would be unconfined. 
It would behave like a strongly interacting 
photon       infinite range Strong force.

only colour singlet states
can exist as free particles

! Empirically, the strong force is short range and therefore know that the physical 
gluons are confined. The colour singlet state does not exist in nature !

NOTE: this is not entirely ad hoc. In the context of gauge field theory (see minor
option) the strong interaction arises from a fundamental SU(3) symmetry.
The gluons arise from the generators of the symmetry group (the 
Gell-Mann      matrices). There are 8 such matrices        8 gluons.
Had nature “chosen” a U(3) symmetry, would have 9 gluons, the additional
gluon would be the colour singlet state and QCD would be an unconfined
long-range force. 

NOTE: the “gauge symmetry” determines the exact nature of the interaction
FEYNMAN RULES

colour hypercharge colour hypercharge

colour
isospin

colour
isospin

• colour hypercharge (Yc) and colour isospin charge (I3C) can be used to define 
the three colour and three anticolour states that the quarks can be in

gluon combinations:


