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CM1. (a) Mass m, initial velocity v at angle a above the horizontal. Define the
coordinate system such that the mass starts at the origin. Horizontal motion:

x(t) = vtcos o
Vertical motion (from F' = ma):
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Note that y(0) = 0 is already incorporated into y(t).
The condition for the mass hitting the ground:

0 = y(t)
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This is the time taken to return to the horizontal surface. The range is thus
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The maximum height is found when
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so the time is v
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(This can also be found simply as half the time to fall to the surface.) Plugging into
y:

Ymaz = y(tl/Z)
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(b) Impact parameter here is the distance between the target (Jupiter) and a straight-
line trajectory. Energy and angular momentum far away from Jupiter are

L = muvb
1

E = —mv?
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where m is the mass of the satellite. At the point of closest approach (radius ry)

L = mugrg
1 GMm
E = imvg T T

where v is the velocity at the point of closest approach and M is the mass of Jupiter.
We use conservation of L to obtain vy = vb/ry, which we then plug into the energy
conservation equation:

0 = rov® +192GM — v*b?
ro = [J(G2M2? + vib?) — GM]/v?

(¢) In circular orbit, the centripetal acceleration is
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After the boost, the angular momentum at perigee is L = mu,ry, and at apogee
L = mu,r,. Equating the two gives v, = wv,ro/r,. Energy conservation, in the
meantime, gives
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where we’ve solved for v, and used the formula for v3 from the earlier circular orbit.

This equation simplifies to
v\ 21
(va> T+
as required.

CM2. (a) The kinetic energy of the box is

1
Thow = =M
2
The position of the pendulum is (x + £sinf,¢(1 — cosf)). The kinetic energy is

therefore

T, = ;m ((ZE + £ cos6)* + (¢sin 09)2)
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while the potential energy is
Vin = mgl(1 — cos )

Therefore the Lagrangian is

1 1 . .
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The equation of motion for x is
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= c;lt ((M + m)& + mll cos 49)

= (M+m i‘—i—méécosﬁ—méé%inﬁ
( )

which is equivalent to saying that the linear momentum of the total center of mass
of the system is conserved. This can be checked using the definition of the horizontal
center-of-mass position

Mz +m(z + {sin6)

M+m
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and differentiating.

The equation of motion for € is
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0 = 00+ icosh+gsinb
(b) If we assume that both 6 and 6 are small, these two equations reduce to

0 = (M+m)i+mlh
0 = (0+7+g

where we've taken cosf — 1 and sinf — 6. Eliminating &, we get the equation
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CMa3. Invariant quantity: a scalar value which doesn’t change when a Lorentz

transformation is applied. The rest mass is the invariant of the 4-momentum vector,
for which the components are (E, p).

M+mg>9
M 7

which gives the frequency




We define the 4-momenta P, = (E;,p;) and P, = (Es, —Es3), recalling that for a
photon, the magnitude of the momentum is equal to the energy (within a factor of
c¢). The final momenta are P, and P, = (£, £E).

P+P, = P+P5
P = P+P-PF
m® = m’+2P P, —2PP, —2PP,
0 = PP,— PP, —PBP,
= FEiby +pi1Ey — EEy +pipy — EEy, — Eop,

At this point, we have to choose a sign for p,. If we assume p, < 0 (photon still
travelling backwards), we find that E = FE,, or in other words, there wasn’t actually
an interaction. If we assume p., > 0, then we find

0 = (BE1+p)Ey— E(E) —p1+2E,)
(Ey + p1)Es
(Ey —p1) + 2B,

E



